The energy spectrum and the correlation functions for n electrons in the one-dimensional single band Hubbard model with periodic boundary conditions are calculated exactly. For that purpose the Hamiltonian is transformed into a set of Hamiltonians, corresponding to systems of spinless fermions.
Introduction
The Hubbard Hamiltonian is widely believed to describe the new high-T, superconductors. For dimension d = 1 it reads [l] H = -T If? C (C~,uCj+l,m + C~+l,oCj,c) + ' ,tl "j,r"j,l (T>O), j=l u=t,& (1) where c:,~ (cj,,) is the creation (annihilation) operator for an electron on site j with z-component u of the spin. Because the c's are fermion operators the number operators nj,m = c:,~c~,~ have the eigenvalues 0 and 1. In (1) we suppose periodic boundary conditions, so: cgil,, = ci':.
Quite recently Mei and Chen [2] studied this model in the limit U ---, ~0, the so-called single band Hubbard model, in which double occupation of a lattice site is prohibited, due to the second term in (1). The Hamiltonian in this infinite repulsion limit may be written as Mei and Chen calculated the ground-state energy and the correlation functions in the case of two electrons in the band. In this work we will give an extension of their results, this extension being obtained, however, by a different, more general, method in which we transform H,,, into a set of Hamiltonians, corresponding to systems of spinless fermions. We are able to calculate the complete energy spectrum and the correlation functions for an arbitrary number of spins n on a lattice with N sites.
In section 2 we will describe these transformations, while in section 3 some examples will be presented.
The transformation
We consider a ring with N sites. There are IZ (n c N) electrons. As a basis for the states space for this system we can take which represent for fixed ji, gi states of IZ electrons on the singly occupied sites j, with spins mi(i = 1,2, . . , n). Now we consider the cyclic permutation P acting on the n spin variables:
It is clear that by applying P" each configuration of the spins reproduces itself. However, there are configurations (with some kind of symmetry) which reproduce themselves already after applying the cyclic permutation n' (<n) times (where IZ' is necessarily a divisor of n). We give two simple examples: n' = 1 for the configuration {t?tt. . .}, while n' = 2 for {tJtJtL.
It is important to notice that the Hamiltonian HefE can transport electrons with fixed spin over the lattice sites; however it cannot change the sequence of t and J. Of course the number of electrons n is also a preserved quantity. So there exist subspaces that are invariant under the action of H,,,. The states within one subspace all have the same spin configuration or one that is obtained by applying a number of times the cyclic permutation operator P. We will now describe a method to give a diagonalization of H,,, in each of these subspaces. We will see that for each subspace the obtained Hamiltonian corresponds with a Hamiltonian for a system of spinless fermions. We introduce the state which is the fourier sum over the cyclic permutations of the spin variables. This state has a wavenumber k: For the effect of the Hamiltonian on the state (@jlj2...jn(k; gIla consider the cases I for which:
I: l<j,<j,<-<j,<N.
Then:
. a,)) we first (7) In (8) there are no state vectors for which two of the site indices are equal. Now we define the set of "stripped" states l~~,~~... jJ in which we don't see the quantum numbers k and uj anymore, and a corresponding Hamiltonian Ho, such that the effect of Ho on the "stripped" state (q,jz... j,) is the same as the effect of H,,, on the state I @j;.ljl...jn(k; u,q * * . CT,)). The correspondence is obtained by 
The first of the equalities (13) follows from the anti-commutation relations (we perform IZ -1 pair interchanges of the c-operators, each of which leaves us with a minus sign), while the second identity is also a direct consequence of the definition (5). For a set of indices obeying one of the conditions (11) we can define a "stripped" state in the same way we did in (9) for the cases I. However, for these states we need to add an extra term H, to the Hamiltonian HO (cf. (9)). This term, corresponding to j = N in the sum in (9), cannot have the simple form (dkd, + did,), because of the additional factor (-l)"-'eik that occurs in (13). Therefore we write H, as 
This particular choice for H, covers both the cases IIa as well as IIb: In the first (second) one only the first (second) term of (14) is active. We consider the effect of H, on states belonging to the category IIa. 
The last identity follows from the periodic boundary conditions (the sites N and 1 are neighbours). From (15) it now follows directly that 
By writing down this Hamiltonian we have established the fact that the spectrum of I-I,,, is the superposition of the spectra for a set of free fermion Hamiltonians. Each invariant subspace of H,, can be characterized by a configuration { uj} ( j = 1, . . . , n): it contains the n-electron states (3) with spin configuration {aj} or one of its cyclic permutations.
The energy spectrum in each subspace, however, is completely determined by n'{uj}, which gives us the possible values for k. So He,, can have identical spectra in different subspaces (i.e. with different {a,}). The conclusion is that the total space of states can be written as the sum of a set of invariant subspaces {V(n, n')} (n s N, n/n'E IW). The state vectors in V(n, n') are interpreted (cf. (9)) as states for a system of it spinless fermions.
Our next goal is to make the Hamiltonian H* translational invariant. For that purpose we make the following transformation to new fermion operators: di = e"l,a, , d; = e-%a: .
Expressed in terms of the operators aj (+) the Hamiltonian (17) becomes one in which the phase shift due to the boundary effect is spread out over the total lattice, 
where the possible values for k are given by (6). If we make the choice A = 0 we finally obtain H* = -T 2 (eiA@'a;aj+, + h.c.) .
I=1 (22)
The expression (22) is symmetric in all neighbour pairs. All possible spectra (corresponding to the possible values for A$) for the Hamiltonian (22) together constitute the spectrum of H,,,.
The energy spectrum and correlation functions
In order to obtain the energy spectrum of H* we make one more transformation, 
where the set { ng} has to satisfy the constraint pl,=n.
(27)
Now we are able to derive the spectrum for H* (and thus for H,,,): the possible values for q are given in (24), those for A4 in (21) , with A = 0. Combination of the possibilities, together with the constraint (27) gives us all possible eigenvalues. The ground-state energy E,(N, it, n') is obtained by taking the combination with minimal energy.
As an example we will calculate the ground-state energy for two electrons (n = 2) on a lattice of arbitrary length N. (2) k = g +A+ = --m/N. Again for q1 = 0, q2 = 2rrlN we find the lowest energy E,(N, 2,2)* = -4T cos n/N.
For an infinitely large lattice (N -+ 00) the energies (28) and (29) become equal, i.e. -4T, but for a finite system the energy E,(N, 2,2)* is the groundstate energy. E.g. for N = 4 we find E,,(N=4,n=2)=-2Td?,
and we see that the result of Mei and Chen [2] is included in our scheme. The ground-state correlation function for two electrons is given by 
It would be interesting to study the single-band two-dimensional Hubbard model, while for the high-T, superconductors two-dimensional lattices are important. In these systems U is believed to be much larger than T(U/T = 5-20). The case U = 0 can be treated exactly. When we are able to describe the differences between the two limits (U = 0, U-, 03) we perhaps will gain more insight in the critical behaviour for large U.
However the generalization of our method to two dimensions is not a trivial one, because of the lack of an ordering principle in two dimensions. We have used the ordering in one dimension to make the classification of the invariant subspaces for the one-dimensional Hamiltonian.
